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Abstract
This lecture is devoted to review some of the main properties of multisymplectic geometry. In
particular, after reminding the standard definition of multisymplectic manifold, we introduce its char-
acteristic submanifolds, the canonical models, and other relevant kinds of multisymplectic manifolds,
such as those where the existence of Darboux-type coordinates is assured. The Hamiltonian struc-
tures that can be defined in these manifolds are also studied, as well as other important properties,
such as their invariant forms and the characterization by automorphisms.
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1 Introduction
Although there are several geometrical models for describing classical field theories, namely, polysym-
plectic, k-symplectic and k-cosymplectic manifolds [12, 17, 23, 29, 30]; multisymplectic manifolds are
the most general and complete tool for describing geometrically (covariant) first and higher-order field
theories (see, for instance,[1, 4, 8, 14, 16, 18, 20, 24, 28, 31, 33] and the references quoted on them). All
of these kinds of manifolds are generalizations of the concept of symplectic manifold, which are used to
describe geometrically mechanical (autonomous) systems.
This talk is devoted to review some of the main properties of multisymplectic geometry and is mainly
based on the results presented in [5, 6, 9, 13, 22]. In particular we discuss the following topics: the
basic definition of multisymplectic manifold (in Section 2) and the Hamiltonian structures associated
to a multisymplectic form (Section 3), the characteristic submanifolds of multisymplectic manifolds
(Section 4), the canonical models and the existence of Darboux-type coordinates (Section 5), other kinds
of relevant multisymplectic manifolds (Section 6) and, finally, some interesting theorems of invariance
and characterization by automorphisms (Section 7).
All the manifolds are real, second countable and C∞. The maps and the structures are C∞. Sum
over repeated indices is understood.
*e-mail: narciso.roman@upc.edu / ORCID: 0000-0003-3663-9861.
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2 Multisymplectic manifolds
(See [5, 6, 13] for more details).
Definition 1. LetM be a differentiable manifold, with dimM = n, and Ω ∈ Ωk(M) (Ωk(M) denotes
the set of differentiable k-forms inM ), with k ≤ n.
• The form Ω is 1-nondegenerate if, for every p ∈M and Xp ∈ TpM ,
i(Xp)Ωp = 0 ⇐⇒ Xp = 0 .
• The form Ω is a multisymplectic form if it is closed and 1-nondegenerate.
• A multisymplectic manifold of degree k is a couple (M,Ω), where Ω ∈ Ωk(M) is a multisym-
plectic form.
If Ω is only closed then it is called a pre-multisymplectic form.
If Ω is only 1-nondegenerate then it is an almost-multisymplectic form.
If dimM ≥ 2, then a multisymplectic k-form must have degree k ≥ 2.
The property of 1-nondegeneracy can be characterized equivalently as follows: a differentiable k-
form Ω is 1-nondegenerate if, and only if, the vector bundle morphism
Ω♭ : TM → Λk−1T∗M
Xp 7→ i(Xp)Ωp
and thus the corresponding morphism of C∞(M)-modules
Ω♭ : X(N) → Ωk−1(N)
X 7→ i(X)Ω
are injective.
Some examples of multisymplectic manifolds are the following: Multisymplectic manifolds of de-
gree 2 are just symplectic manifolds. Multisymplectic manifolds of degree n are orientable manifolds
and the multisymplectic forms are volume forms. Bundles of k-forms (k-multicotangent bundles) en-
dowed with their canonical (k + 1)-forms are multisymplectic manifolds of degree k + 1. Jet bundles
(overm-dimensional manifolds) endowed with the Poincare´-Cartan (m+1)-forms associated with (sin-
gular)Lagrangian densities are (pre)multisymplectic manifolds of degree m+ 1.
3 Hamiltonian structures in multisymplectic manifolds
(See [5, 6, 13] for more details).
Definition 2. A m-vector field (or a multivector field of degree m) in a manifold M (with m ≤ n =
dimM ) is any section of the bundle Λm(TM) → M (that is, a contravariant, skewsymmetric tensor
field of degree m inM ). The set ofm-vector fields inM is denoted by Xm(M).
The local description of multivector fields of degreem is the following: for every p ∈M , there are a
neighbourhood Up ⊂M and local vector fields X1, . . . ,Xr ∈ X(Up), withm ≤ r ≤ dimM , such that
X|Up =
∑
1≤i1<...<im≤r
f i1...imXi1 ∧ . . . ∧Xim ; with f
i1...im ∈ C∞(Up) . (1)
N. Roma´n-Roy, Some properties of multisymplectic manifolds 3
Definition 3. Let X ∈ Xm(M) be a multivector field.
X is homogeneous (or decomposable) if there areX1, . . . ,Xm ∈ X(M) such thatX = X1∧ . . .∧Xm.
X is locally homogeneous (decomposable) if, for every p ∈M , there exist Up ⊂M andX1, . . . ,Xm ∈
X(Up) such that X|Up = X1 ∧ . . . ∧Xm.
Remark 1. Locally decomposable m-multivector fields X ∈ Xm(M) are locally associated with m-
dimensional distributions D ⊂ TM .
Every multivector field X ∈ Xm(M) defines a contraction with differential forms Ω ∈ Ωk(M),
which is the natural contraction between tensor fields. In particular, ifX is expressed as in (1), we have
i(X)Ω|Up =
∑
1≤i1<...<im≤r
f i1...im i(X1 ∧ . . . ∧Xm)Ω
=
∑
1≤i1<...<im≤r
f i1...im i(X1) . . . i(Xm)Ω .
Then, the k-form Ω is said to be j-nondegenerate (for 1 ≤ j ≤ k − 1) if, for every p ∈ E and
Y ∈ Xj(M), we have that i(Yp)Ωp = 0 if, and only if, Yp = 0.
Then, for every form Ω ∈ Ωk(M) (k ≥ m) we have the morphisms
Ω♭ : Λm(TM) −→ Λk−m(T∗M)
Xp 7→ i(Xp)Ωp
;
Ω♭ : Xm(M) −→ Ωk−m(M)
X 7→ i(X)Ω .
In addition, ifX ∈ Xm(M), the Lie derivative of Ω ∈ Ωk(M) is
L(X)Ω := [d, i(X)]Ω = d i(X)Ω − (−1)
m i(X)dΩ .
Definition 4. Let (M,Ω) be a multisymplectic manifold of degree k. A diffeomorphism ϕ : M → M is
a multisymplectomorphism if ϕ∗Ω = Ω.
Definition 5. Let (M,Ω) be a multisymplectic manifold of degree k.
1. A vector fieldX ∈ X(M) is a locally Hamiltonian vector field if its flow consists of multisymplectic
diffeomorphisms. It is equivalent to demand that L(X)Ω = 0, or equivalently, i(X)Ω ∈ Ωk−1(M)
is a closed form.
2. A multivector field X ∈ Xm(M) (m < k) is a locally Hamiltonian multivector field if L(X)Ω = 0
or, what is equivalent, i(X)Ω ∈ Ωk−m(M) is a closed form. Then, for every p ∈M , exist U ⊂M
and ζ ∈ Ωk−m−1(U) such that i(X)Ω = dζ (on U ).
In this case ζ ∈ Ωk−m−1(U) is said to be a locally Hamiltonian form for X.
3. X ∈ Xm(M) is a Hamiltonian multivector field if i(X)Ω ∈ Ωk−m(M) is an exact form; that is,
there exists ζ ∈ Ωk−m−1(M) such that i(X)Ω = dζ .
In this case ζ ∈ Ωk−m−1(M) is said to be a Hamiltonian form for X.
4 Characteristic submanifolds of multisymplectic manifolds
(See [6, 9] for more details and proofs).
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Definition 6. Let (M,Ω) be a multisymplectic manifold of degree k, andW a distribution inM . ∀p ∈M
and 1 ≤ r ≤ k − 1, the r-orthogonal multisymplectic vector space at p is
W⊥,rp = {v ∈ TpM | i(v ∧ w1 ∧ . . . ∧ wr)Ωp = 0, ∀w1, . . . , wr ∈ Wp} ,
the r-orthogonal multisymplectic complement ofW is the distributionW⊥,r := ∪p∈MW
⊥,r
p .
1. W is an r-coisotropic distribution if W⊥,r ⊂ W .
2. W is an r-isotropic distribution if W ⊂W⊥,r.
3. W is an r-Lagrangian distribution if W =W⊥,r.
4. W is a multisymplectic distribution if W ∩W⊥,k−1 = {0}.
Remark 2. For every distribution W , we have that W⊥,r ⊂ W⊥,r+1. As a consequence, every r-
isotropic distribution is (r + 1)-isotropic, and every r-coisotropic distribution is (r − 1)-coisotropic.
As a particular situation, if we have a submanifold N of multisymplectic manifold M , we can take
as distribution in TM the tangent bundle TN and this allows us to establish a classification of these
submanifolds as follows:
Definition 7. Let (M,Ω) be a multisymplectic manifold of degree k, and N a submanifold of M . If
0 ≤ r ≤ k − 1, then:
1. N is an r-coisotropic submanifold ofM if TN⊥,r ⊂ TN .
2. N is an r-isotropic submanifold ofM if TN ⊂ TN⊥,r.
3. N is an r-Lagrangian submanifold ofM if TN = TN⊥,r.
4. N is a multisymplectic submanifold ofM if TN ∩ TN⊥,k−1 = {0}.
And, in particular we have:
Proposition 1. A submanifold N ofM is r-Lagrangian if, and only if, it is r-isotropic and maximal.
5 Canonical models for multisymplectic manifolds. Darboux-type coor-
dinates
(See [9] for more details).
In the same way as the tangent bundle of a manifold is the canonical model for symplectic manifolds,
the canonical models of multisymplectic manifolds are the bundles of forms. These canonical models
are constructed as follows:
• If Q is a manifold, the bundle ρ : Λk(T∗Q)→ Q is the bundle of k-forms in Q.
The tautological form (or canonical form) ΘQ ∈ Ω
k(Λk(T∗Q)) is defined as follows: if α ∈
Λk(T∗Q), and V1, . . . , Vk ∈ Tα(Λ
k(T∗Q)), then
ΘQα(V1, . . . , Vk) = i(ρ∗Vk ∧ . . . ∧ ρ∗V1)α .
We have that, ΩQ = dΘQ ∈ Ω
k+1(Λk(T∗Q)) is a 1-nondegenerate form and then (Λk(T∗Q),ΩQ)
is a multisymplectic manifold of degree k + 1.
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If (xi, pi1...ik) is a system of natural coordinates in U ⊂ Λ
k(T∗Q), then the local expressions of
these canonical forms are
ΘQ |U= pi1...ikdx
i1 ∧ . . . ∧ dxik , ΩQ |U= dpi1...ik ∧ dx
i1 ∧ . . . ∧ dxik .
These are called Darboux coordinates in Λk(T∗Q).
• If pi : Q → E is a fibration, let ρr : Λ
k
r (T
∗Q) → Q be the subbundle of Λk(T∗Q) made of the
r-horizontal k-forms in Q with respect to the projection pi (that is, the k-forms in Q vanishing
when applied to r pi-vertical vector fields in Q).
Let ΘrQ ∈ Ω
k(Λkr (T
∗Q)) be the pull-back of ΘQ to Λ
k
r (T
∗Q). This is the tautological k-form in
Λkr (T
∗Q), and then, if we construct ΩrQ = dΘ
r
Q ∈ Ω
k+1(Λkr (T
∗Q)), we have that (Λkr (T
∗Q),ΩrQ)
is also a multisymplectic manifold of degree k + 1.
In the same way, there are also charts of Darboux coordinates in Λkr (T
∗Q) on which these canon-
ical forms have a local expressions similar to the above ones.
Nevertheless, unlike symplectic manifolds, multisymplectic manifolds (M,Ω) in general are not
(locally) diffeomorphic to their canonical models, and additional properties are needed in order to have
a Darboux theorem which assures the existence of Darboux-type coordinates [27]. In particular:
Definition 8. A special multisymplectic manifold is a multisymplectic manifold (M,Ω) of degree k such
that:
1. Ω = dΘ, for some Θ ∈ Ωk−1(M).
2. There is a diffeomorphism φ : M → Λk−1(T∗Q), dim Q = n ≥ k−1, (or φ : M → Λk−1r (T
∗Q)),
and a fibration pi : M → Q such that ρ ◦ φ = pi (resp. ρr ◦ φ = pi), and φ
∗ΘQ = Θ (resp.
φ∗ΘrQ = Θ).
(It is said that (M,Ω) is multisymplectomorphic to a bundle of forms).
In order to have multisymplectic manifolds which locally behave as the canonical models, it is nec-
essary to endow them with additional structures; in particular, a 1-isotropic distribution W satisfying
some dimensionality conditions, and a “generalized distribution” ε defined on the space of leaves deter-
mined byW . In fact, the existence of distributions satisfying certain properties is a necessary condition
in order to establish Darboux-type theorems for different kinds of geometrical structures (presymplectic,
cosymplectic, k-(pre)symplectic, and k-(pre)cosymplectic) [2, 7, 10, 11, 21]. Thus:
Definition 9. Let (M,Ω) be a multisymplectic manifold of degree k, andW a regular 1-isotropic invo-
lutive distribution in (M,Ω).
1. A multisymplectic manifold of type (k, 0) is a triple (M,Ω,W) such that, for every p ∈ M , we
have that:
(a) dimW(p) = dimΛk−1(TpM/W(p))
∗.
(b) dim (TpM/W(p)) > k − 1.
2. A multisymplectic manifold of type (k, r) (1 ≤ r ≤ k − 1) is a quadruple (M,Ω,W, E), where E
is a “generalized distribution” onM (this means that, for every p ∈M , E(p) is a vector subspace
of TpM/W(p)) and, denoting by pip : TpM → TpM/W(p) the canonical projection, we have
that:
(a) i(v1 ∧ . . . ∧ vr)Ωp = 0, for every vi ∈ TpM such that pip(vi) ∈ E(p) (i = 1, . . . , r).
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(b) dimW(p) = dimΛk−1r (TpM/W(p))
∗, where the horizontal forms are considered with re-
spect to the subspace E(p).
(c) dim (TpM/W(p)) > k − 1.
And the fundamental result is the following:
Proposition 2. Every multisymplectic manifold (M,Ω) of type (k, 0) (resp. of type (k, r)) is locally
multisymplectomorphic to a bundle of (k−1)-forms Λk−1(T∗Q) (resp. Λk−1r (T
∗Q)), for some manifold
Q; that is, to a canonical multisymplectic manifold.
Therefore, there is a local chart of Darboux coordinates around every point p ∈M .
(Proof ): The proof of this Theorem is very long and can be found in [9] (where, in particular, the relation
with the canonical models is shown).
Then we define:
Definition 10. Multisymplectic manifolds which are locally multisymplectomorphic to bundles of forms
are called locally special multisymplectic manifolds.
Of course, every special multisymplectic manifold is a locally special multisymplectic manifold and
hence has charts of Darboux coordinates at every point.
As an interesting example, if pi : E → M is a fiber bundle (where M is an m-dimensional oriented
manifold), J1pi is the corresponding first-order jet bundle, and L is a first-order hyperregular Lagrangian
density, then the Poincare´-Cartan form ΩL ∈ Ω
m+1(J1pi) is a multisymplectic form and (J1pi,ΩL) is a
special multisymplectic manifold [4, 15, 31].
6 Other kinds of multisymplectic manifolds
(See [13] for more details).
It is a well-known property of symplectic manifolds that the set of local Hamiltonian vector fields
span locally the tangent bundle of the manifold and, hence, the action of the group of multisymplectic
diffeomorphisms onM is transitive (in fact, these properties are a consequence of the existence of Dar-
boux coordinates). Nevertheless, in general, these properties do not hold for multisymplectic manifolds
and so locally Hamiltonian vector fields in a multisymplectic manifold (M,Ω) do not span the tangent
bundle of this manifold, and the group of multisymplectic diffeomorphisms does not act transitively on
M . In order to achieve this we need to introduce additional conditions. Hence, we define:
Definition 11. Let M be a differentiable manifold, p ∈ M and a compact set K with p ∈
◦
K. A local
Liouville or local Euler-like vector field at p with respect toK is a vector field ∆p ∈ X(M) such that:
1. supp∆p := {x ∈M |∆p(x) 6= 0} ⊂ K ,
2. there exists a diffeomorphism ϕ :
◦︷ ︸︸ ︷
supp∆p → Rn such that ϕ∗∆
p = ∆, where ∆ = xi
∂
∂xi
is the
standard Liouville or dilation vector field in Rn.
Definition 12. A form Ω ∈ Ωk(M) is said to be locally homogeneous at p ∈ M if, for every open set
U ⊂ M containing p, there exists a local Euler-like vector field ∆p at p with respect to a compact set
K ⊂ U such that
L(∆p)Ω = fΩ ; f ∈ C∞(U) .
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Ω is locally homogeneous if it is locally homogeneous for all p ∈M .
A locally homogeneous manifold is a couple (M,Ω), where M is a manifold and Ω ∈ Ωk(M) is
locally homogeneous.
Therefore we have that:
Proposition 3. Let (M,Ω) be a locally homogeneous multisymplectic manifold. Then the family of
locally Hamiltonian vector fields span locally the tangent bundle of M ; that is, ∀ p ∈ M , TpM =
span{Xp | X ∈ X(M) , L(X)Ω = 0} .
(Outline of the proof ): The proof is very technical (see [13] for all the details). First, the existence
of local Euler-like vector fields and their properties allows us to prove a previous result known as the
localization Lemma which states that, if X is a locally Hamiltonian vector field, and x0 ∈ M , then for
each open set U ∋ x0, there exists an open neighbourhood V of x0 such that V ⊂ V¯ ⊂ U , with V¯
compact, and a locally Hamiltonian vector field X ′ such that X ′ coincides with X in V and vanishes
identically outside of U . Then, the proof of this Proposition follows from the aplication of this Lemma
and using again Euler-like vector fields.
Theorem 1. The group of multisymplectic diffeomorphisms G(M,Ω) of a locally homogeneous multi-
symplectic manifold (M,Ω) acts transitively onM .
(Outline of the proof [13]): The proof is based on the application of Proposition 3 and the above men-
tioned localization Lemma.
Remark 3. Locally special multisymplectic manifolds have local Euler-like vector fields; in particular,
the local vector fields
{
xi
∂
∂xi
+ pi1...ik
∂
∂pi1...ik
}
. Then, the corresponding multisymplectic forms are
locally homogeneous.
As a consequence, if (M,Ω) is a locally special multisymplectic manifold, then the family of lo-
cally Hamiltonian vector fields span locally the tangent bundle of M and the group of multisymplectic
diffeomorphisms acts transitivelly on M . In fact, the local vector fields
{
∂
∂xi
,
∂
∂pi1...ik
}
are locally
Hamiltonian.
7 Invariance theorems
(See [13, 22] for more details).
As final remarks, in this Section we generalize some classical theorems of symplectic geometry in
the field of multisymplectic manifolds.
The first one is a partial generalization of Lee Hwa Chung’s Theorem for symplectic manifolds,
which characterizes all the differential forms which are invariant under infinitesimal symplectomor-
phisms [25, 26, 19]:
Theorem 2. Let (M,Ω) be a locally homogeneous multisymplectic manifold of degree k and α ∈
Ωp(M), with p = k − 1, k, such that:
(i) The form α is invariant by the set of locally Hamiltonian (k − 1)-vector fields; that is, L(X)α = 0,
for every X ∈ Xk−1lh (M).
(ii) The form α is invariant by the set of locally Hamiltonian vector fields; that is, L(Z)α = 0, for every
Z ∈ Xlh(M).
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Therefore:
1. If p = k then α = cΩ, with c ∈ R.
2. If p = k − 1 then α = 0.
(Outline of the proof [13]): It is an adaptation of the proofs given in [19, 26] for presymplectic and
symplectic manifolds. From the hypothesis of the Theorem and bearing in mind the properties stated
in Section 3, it can be proved that, for every X,Y ∈ Xk−1lh (M), the following relation holds: i(X)Ω ∧
i(Y )α + i(Y )Ω ∧ i(X)α = 0; and taking X ∈ kerk−1Ω, from here you get to i(X)α = 0. Then it
is proved that, if p = k − 1 then α = 0; but, if p = k, then there exists a unique α′ ∈ C∞(M) such
that i(X)α = α′ i(X)Ω, for every X ∈ Xk−1lh (M). Therefore, using some local properties of the locally
Hamiltonian (k−1)-multivector fields, it is concluded that α′ is constant and the final conclusion follows
straightforwardly from the last results and Proposition 3.
The second one is a generalization of some Theorems of Banyaga for symplectic and other orientable
manifolds [3]:
Theorem 3. Let (Mi,Ωi), i = 1, 2, be local homogeneous multisymplectic manifolds of degree k and
G(Mi,Ωi) their groups of multisymplectic automorphisms. Let Φ: G(M1,Ω1) → G(M2,Ω2) be a
group isomorphism (which is a homeomorphism whenG(Mi,Ωi) are endowed with the point-open topol-
ogy). Then, there exists a diffeomorphism ϕ : M1 →M2, such that :
1. Φ(ψ) = ϕ ◦ ψ ◦ ϕ−1, for every ψ ∈ G(M1,Ω1).
2. The map ϕ∗ maps locally Hamiltonian vector fields of (M1,Ω1) into locally Hamiltonian vector
fields of (M2,Ω2).
3. In addition, if ϕ∗ maps locally Hamiltonian multivector fields of (M1,Ω1) into locally Hamiltonian
multivector fields of (M2,Ω2), then there is a constant c such that ϕ
∗Ω2 = cΩ1.
(Outline of the proof [13]): By Theorem 1, G(Mi,Ωi) acts transitively onMi and, by the main theorem
in [34], there exists a bijective map ϕ : M1 →M2 such that Φ(ψ) = ϕ◦ψ◦ϕ
−1 . Then it is proved that ϕ
is a homeomorphism and, adapting the proof in [3] to our setting, that it is also a smooth diffeomorphism.
Therefore, as a consequence of this proof, we conclude that ϕ∗ maps locally Hamiltonian vector fields
into locally Hamiltonian vector fields. Finally, assuming the hypothesis of the third item, using Theorem
2 we have that ϕ∗Ω2 = cΩ1.
8 Conclusions and discussion
Some of the main properties and characteristics of multisymplectic manifolds have been reviewed in
this disertation. Although most of them are generalizations of other well-known results for symplectic
geometry, in the multisymplectic case, they are more elaborated and richer than for symplectic manifolds,
in general; and it is for this reason that this is a topic of active research [32].
In particular, other interesting properties of multisymplectic manifolds which have not been analyzed
here are, for instance: the graded Lie algebra structure of the sets of Hamiltonian forms and Hamilto-
nian multivector fields [5, 13], polarized multisymplectic manifold and its general structure theorem [6],
as well as other properties and relevance of r-coisotropic, r-isotropic and, especially, of r-Lagrangian
distributions and submanifols [6, 9], and the characterizations of multisymplectic transformations [13].
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